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Abstract
A graph G is said to be distance claw-free (in DC) if for each vertex v in V (G) the inde-
pendence number of the subgraph of G induced by the set of vertices at distance i from v is at
most 2 for each i¿ 0. It is shown that every 3-connected graph in DC is hamilton-connected,
answering a4rmatively a question of Shepherd.
c© 2002 Elsevier Science B.V. All rights reserved.
1. Introduction
One of the best known unsolved conjectures in hamiltonian graph theory is the
following conjecture due to Matthews and Summner.
Conjecture (Matthews and Summner [2]). Every 4-connected claw-free graph is
hamiltonian.
Although the Matthews–Summner conjecture remains unsolved, some results have
been proved in its direction. Recently, Ryj>a?cek [3] has shown that every 7-connected
claw-free graph is hamiltonian. Also Shepherd [4] has changed the claw-free
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requirement to something more restrictive which is called “distance claw-free” and
proved that every 3-connected distance claw-free graph is hamiltonian.
A distance claw-free graph (called a DC graph or one in class DC) is deHned as a
graph which satisHes the property that for each vertex v and integer i¿0, the subgraph
induced by the set Ai at distance i from v has independence number (G[Ai)]62. Note
that (G[A1])62 says that a DC graph is claw-free. Shepherd has further noted that a
claw-free graph in which (G[A2])62 is DC. Therefore we could say DC graphs are
ones that are “claw-free with respect to two levels”, levels A1 and A2.
Thus (in some sense) the class of DC graphs is a natural subclass of the class of
claw-free graphs. It is not too surprising that one needs only 3-connectivity rather than
4-connectivity to obtain the hamiltonicity when the claw-free requirement is replaced
by the more restrictive DC requirement. Also it is not unexpected that a lengthy proof
(see [4]) is required to show that 3-connected DC graphs are hamiltonian.
The objective of this paper is to investigate and answer a4rmatively a question left
unanswered by Shepherd in [4]. Shepherd asked whether 4-connected DC graphs are
hamilton-connected. This paper proves more. We prove that, in fact, every
3-connected distance claw-free graph is hamilton-connected, and that the 3-connectivity
requirement cannot be lowered. Since the proof as presented is already lengthy, several
lemmas needed in the proof are presented without proofs. Their proofs follow easily
from results presented in [4]. An attempt has been made to organize the proof into
rather short blocks so that it can be more easily followed.
2. Notation and results
We consider only Hnite undirected graphs without loops and multiple edges. Notation
and terminology not deHned here follow that in [1]. For disjoint subsets A, B of the ver-
tex set V (G) of a graph G, let E(A; B) be the set of edges in G that join a vertex in A
and a vertex in B. We use P[u; v] to denote a path in a graph G with end-vertices u and
v, the orientation of P[u; v] is always speciHed from u to v. For a vertex x∈V (P[u; v])−
{v} (resp. x∈V (P[u; v])−{u}) x+ (resp. x−) is deHned as the successor (resp. prede-
cessor) of x using the orientation of P[u; v]. The distance d(u; v) between two vertices
u, v in a graph G is the least number of edges in all possible paths P[u; v]. The tripod
and Ei4el are deHned as the graphs G1 = (V (G1); E(G1)) and G2 = (V (G2); E(G2)),
respectively, where V (G1)= {u1; u2; u3; u4; v1; v2; v3}, E(G1)= {uiuj : 16i = j64}∪
{uivi : 16i63} and V (G2)= {u1; u2; u3; v1; v2; v3; w}, E(G2)= { uiuj : 16i = j63}∪
{uivi : 16i63}∪ {v1w}. Let H be a graph; a graph G is called H-free if G does not
contain H as an induced subgraph. In particular, if H is K1;3, G is called claw-free.
For an integer i¿0, Ni(u) is deHned as the set {v∈V (G): the distance d(u; v)= i}.
We say a graph G is distance claw-free (in DC) if for each vertex v∈V (G) and
each integer i¿0 the independence number (G[Ni(v)]) of the subgraph of G in-
duced by the set Ni(v) is at most 2. Clearly, every graph in DC is a claw-free
graph.
The concept of DC graphs was introduced by Shepherd in [4]. There he proved the
following theorems involving the hamiltonian properties of DC graphs.
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Theorem 1 (Shepherd [4]). If G is in DC and G is 2-connected, then G has a hamilton
path.
Theorem 2 (Shepherd [4]). If G is in DC and G is 3-connected, then G is hamiltonian.
Two very nice questions were raised by Shepherd in [4] but left unanswered. He
asked whether each 4-connected graph in DC is pancyclic or hamilton-connected. The
purpose of this paper is to prove the following theorem which answers the second
question of Shepherd a4rmatively under less restrictive assumption that the graph
needs only be 3-connected.
Theorem 3. Every 3-connected graph in DC is hamilton-connected.
The well known 2-connected graph presented in [4] which is formed by joining three
vertex disjoint complete graphs of the same order through two vertex disjoint triangles
shows that there exist 2-connected distance claw-free graphs that are not hamilton-
connected. Thus the 3-connectivity cannot be lowered in Theorem 3.
3. Lemmas
The following lemmas are used in the proof of Theorem 3.
Lemma 1 (Shepherd [4]). A graph G is in DC if and only if it is claw-free, Ei4el-
free, and tripod-free.
Lemma 2 (Shepherd [4]). If G is in DC, then every induced subgraph of G is in DC.
Lemma 3 (Shepherd [4]). If G is a claw-free graph such that (G[N2(v)])62 for
each v, then G is in DC.
Lemma 4. Let G be in DC. If there exists a path P[u; v] from u to v in G and a vertex
w in V (G)−V (P[u; v]) such that |N (w)∩ (V (P[u; v])−{u})|¿3 or |N (w)∩ (V (P[u; v])
− {v})|¿3, then w can be inserted into P[u; v] to form a new path connecting the
two vertices u, v.
Proof of Lemma 4. It su4ces to prove the result when |N (w)∩ (V (P[u; v])−{u})|¿3.
Therefore let t1, t2, and t3 be the three vertices in N (w)∩ (V (P[u; v]) − {u}) or-
dered with increasing index in the direction of P[u; v]. Clearly, wt−i =∈E(G), for each
i, 16i63, otherwise we can easily Hnd a path with w inserted in P[u; v]. Therefore,
d(w; t−i )= 2, for each i, 16i63, and by the hypothesis there exist i, j such that
t−i t
−
j ∈E(G), which again allows the vertex w to be inserted into the path P[u; v].
Lemma 5. Let G be a 2-connected claw-free graph with a vertex cut set {x; y}. Then
1. G − {x; y} has two components.
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2. Let G1, G2 be the two components of G − {x; y} and H1 =G[V (G1)∪{y}],
H2 =G[V (G2)∪{y}]. If for each i and j G[Si] and G[Tj] are complete, where
Si = {s∈V (G1): dH1 (y; s)= i} and Tj = {t ∈V (G2): dH2 (y; t)= j}, then there exist
hamilton paths from y to x in the graphs G[V (G1)∪{x; y}] and G[V (G2)∪{x; y}].
The truth of Lemma 5 is based on the proof of Lemma 2.6 in [4] and its detailed
proof is omitted.
Lemma 6. Let G be a 3-connected claw-free graph with a vertex cut set {x; y; z}.
Then
1. G − {x; y; z} has two components.
2. Let G1, G2 be the two components of G − {x; y; z}. Suppose H1, H2, Si, and Tj
are de8ned as in Lemma 5 and for each i and j G[Si] and G[Tj] are complete. If
v is a vertex in V (G2), then there exists a hamilton path from y to v in the graph
G[V (G2)∪{y}] provided either |V (G2)|=1 or N (y)∩V (G2) = {v}.
The truth of Lemma 6 is based on the proof of Lemma 2.8 and the proof of one
claim of Theorem 2.9 in [4] and its proof is also omitted.
The rest of this paper is devoted to proving Theorem 3.
4. Proof of Theorem 3
Suppose that the statement in Theorem 3 is false and let G be a graph of minimum
order satisfying the conditions in Theorem 3 which is not hamilton-connected. Then
there exist two vertices u, v in G such that u, v cannot be connected by a hamilton
path in G. First G−u is not 3-connected, otherwise the minimality of G and Lemma 2
imply that G−u is hamilton-connected. Let w be in NG(u). Then there exists a hamilton
path between w and v in G − u which is easily extended to a hamilton path between
u and v in G. Therefore let {u; x; y} be a 3-vertex cut set of G. Then G − {u; x; y}
has two components G1 and G2. Let H1 =G[V (G1)∪{y}] and H2 =G[V (G2)∪{y}].
Then by Lemma 2 the graphs H1 and H2 are in DC. Set
Si = {s∈V (G1): dH1 (y; s)= i}
Tj = {t ∈V (G2): dH2 (y; t)= j}: Then
V (G1)= S1 ∪ S2 ∪ · · · ∪ Sm for some integer m¿1;
V (G2)=T1 ∪T2 ∪ · · · ∪Tn for some integer n¿1:
The remainder of this proof is divided into two main cases depending on the com-
pleteness of G[Si] and G[Tj].
Case 1. For each i and j, G[Si], G[Tj] are complete, where 16i6m, 16i6n.
We will consider all possible positions of vertex v and Hnd in each case a hamilton
path between u and v in G, giving a contradiction.
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Subcase 1.1: v= x.
Consider the 2-connected graph G − {x}, By Lemma 2, G − {x} is in DC and
therefore it is claw-free. By Lemma 5, there exists a hamilton path P[u; y] from u to
y in the graph G[V (G1)∪{u; y}]. Similarly, from the 2-connected graph G−{u}, we
can Hnd a hamilton path P[y; x] in the graph G[V (G2)∪{y; x}]. Combining the paths
P[u; y] and P[y; x], we have a hamilton path between u and v in the graph G.
Subcase 1.2: v=y.
Let A=G[V (G1)∪{x}] and B=G[V (G2)∪{x}], then by Lemma 2 the graphs A
and B are in DC. Set
Ai = {a∈V (G1): dA(x; a)= i};
Bj = {b∈V (G2): dB(x; b)= j}: Then
V (G1)=A1 ∪A2 ∪ · · · ∪Am′ ; for some integer m′¿1;
V (G2)=B1 ∪B2 ∪ · · · ∪Bn′ ; for some integer n′¿1:
If, for each i and each j, 16i6m′ and 16j6n′, G[Ai] and G[Bj] are complete, then
we can exchange the roles of x and y and Hnd a hamilton path between u and y in
G. Therefore there exists an i or j such that G[Ai] or G[Bj] is noncomplete. With-
out loss of generality, we assume G[Bj] is noncomplete and j is the smallest index
such that G[Bj] is noncomplete. Since G is claw-free, G[B1] is complete and j¿2.
Let x1, x2 be in Bj such that x1x2 =∈Bj, and y1, y2 be in Bj−1 such that x1y1 ∈E(G),
x2y2 ∈E(G). Since G is claw-free, y1 =y2. If j=2 and m′¿2, then it can be veri-
Hed that G[q; p; x; y1; y2; x1; x2] is isomorphic to an EiOel, where q∈A2, p∈A1 with
qp∈E(G). This implies that m′=1 when j=2. Next we will show that j3. If
j=3, then N (y1)∩N (y2)∩Bj−2 = ∅, otherwise let p and q be in Bj−2 such that
py1 ∈E(G) and qy2 ∈E(G). The fact that G[q; y2; y1; x2] is not isomorphic to a claw
implies that y1x2 ∈E(G), so that G[p; y1; x1; x2] is isomorphic to a claw, a contradic-
tion. Thus let r be a vertex in N (y1)∩N (y2)∩Bj−2 and let a be a vertex in A1.
Then G[a; x; r; y1; y2; x1; x2] is isomorphic to an EiOel, a contradiction, so j =3. A sim-
ilar argument shows that j4. Therefore, j=2 and m′=1. Consider the 2-connected
claw-free graph G− {u}. Again by Lemma 5, we Hnd a hamilton path P[x; y] from x
to y in the graph G[V (G2)∪{x; y}]. Clearly, there exists a hamilton path P[u; x] from
u to x in the graph G[V (G1)∪{u; x}]. Combining the paths P[u; x] and P[x; y] gives
a hamilton path between vertices u and v in G.
Subcase 1.3: v is in V (G2).
First assume that either V (G2)= {v} or N (y)∩V (G2) = {v} is true. Then, by Lemma
6, we can Hnd a hamilton path P[y; v] from y to v in the graph G[V (G2)∪{y}].
By Lemma 5, we can also Hnd hamilton paths P[u; y] and P[x; y] in the graphs
G[V (G1)∪{u; y}] and G[V (G1)∪{x; y}], respectively. If ux =∈E(G), then we can com-
bine the paths P[u; y] and P[y; v] to form a new path from u to v in G − {x}. The
vertex x can then be inserted into the new path by using Lemma 4, giving a u − v
hamilton path in G. If ux∈E(G), combine the edge ux and paths P[x; y], P[y; v] to
form a u− v hamilton path in G.
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It remains to consider when V (G2) = {v} and N (y)∩V (G2)= {v}. Then {u; x; v}
is a 3-vertex cut set and G − {u; x; v} has two components G′1 =G[V (G1)∪{y}],
G′2 =G[V (G2)− {v}]. Let H ′1 =G[V (G′1)∪{v}] and H ′2 =G[V (G′2)∪{v}]. Set
S ′1 = {y};
S ′i+1 = Si; for each i; 16i6m;
T ′j =Tj+1; for each j; 16j6n− 1: Consequently;
S ′i = {s∈V (G′1): dH ′1 (v; s)= i}; for each i; 16i6m;
T ′j = {t ∈V (G′2): dH ′2 (v; t)= j}; for each j; 16j6n− 1:
But then Subcase 1.2 applies with v replacing y, so there exists a hamilton path between
u and v in G.
Subcase 1.4: v∈V (G1).
The argument for this subcase is analogous to Subcase 1.3.
Case 2: There exists some i or j such that G[Si] or G[Tj] is noncomplete.
Without loss of generality, we assumes G[Tj] is noncomplete and j is the smallest
index such that G[Tj] is noncomplete. Repeating the argument given in Subcase 1:2,
we have m=1, j=2. Thus V (G1)= S1⊆N (y). Since we can choose x to play the
role of y, we also have V (G1)= S1⊆N (x). Let x1, x2 be two nonadjacent vertices in
T2 and y1 and y2 the neighbors of x1 and x2 in T1, respectively, with y1 =y2. Set
T i2 = {x∈T2: |N (x)∩{y1; y2}|= i}; i∈{0; 1; 2};
T2(y1)= {x∈T 12 : xy1 ∈E(G)};
and
T2(y2)= {x∈T 12 : xy2 ∈E(G)}:
Let p be any vertex in T 02 , since (G[T2])62, one of x1, x2, say x1, is adjacent to
p. If px2 =∈E(G), then G[p; x1; x2; y1; y2; y; s] is isomorphic to an EiOel, where s is a
vertex in V (G1). Therefore we have the following:
Observation 1. p∈T 02 implies px1; px2 ∈E(G).
For pairs of vertices p and q in T 02 , p1 and q1 in T
2
2 ∪T2(y1), and p2 and q2
in T 22 ∪T2(y2), we have that pq, p1q1, p2q2 are in E(G), otherwise G[x1; y1; p; q],
G[y; y1; p1; q1], and G[y; y2; p2; q2], respectively, would be isomorphic to a claw.
Therefore we have the following:
Observation 2. G[T 02 ], G[T
2
2 ∪T2(y1)], and G[T 22 ∪T2(y2)] are complete.
If p∈T3 and pq∈E(G) for some vertex q∈T 12 , then q∈T2(y1) or q∈T2(y2), since
T 12 =T2(y1)∪T2(y2). If q∈T2(y1), then we have T2(y2)⊆N (p), otherwise suppose w
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is a vertex in T2(y2) such that wp =∈E. Notice that qw =∈E since G[q; w; p; y1] is not iso-
morphic to a claw. Therefore G[p; q; w; y1; y2; y; s] is isomorphic to an EiOel, where s
is a vertex in V (G1), a contradiction. Moreover, we have that T2(y1)⊆N (p), otherwise
using a similar argument as before we arrive at the contradiction that G[p; q1; w1; y1; y2;
y; s] is isomorphic to an EiOel, where q1 is any vertex in T2(y2), w1 is a vertex in
T2(y1) such that w1p =∈E, and s is a vertex in V (G1). Hence T 12 =T2(y1)∪T2(y2)⊆
N (p). Similarly, we have T 12 =T2(y1)∪T2(y2)⊆N (p) when q∈T2(y2). If pq∈E(G)
for some vertex q∈T 02 ∪T 22 , at least one of x1, x2 is adjacent to p, other-
wise G[p; q; x1; x2] would be isomorphic to a claw. Therefore we have the following:
Observation 3. p∈T3 implies p is adjacent to each vertex in T 12 .
Since G is claw-free, we have the following:
Observation 4. T4 = ∅ and G[T3] is complete.
Let p be any vertex in T3 and q be any vertex in T 02 . Then pq must be in
E(G), otherwise G[x1; y1; p; q] would be isomorphic to a claw. Therefore we have the
following:
Observation 5. p∈T3 implies p is adjacent to each vertex in T 02 .
Based on the above observations, we have the following useful lemma.
Lemma 7. Let D be a nonempty subset V (G2). If N (u)∩D = ∅, N (x)∩D = ∅, and
for any vertex t in D there exists a hamilton path from y to t in the graph G[V (G2)∪
{y}], then there exists a hamilton path between u and v in G for each v∈V (G1)∪
{x; y}∪D.
Proof of Lemma 7. We will considers all the possible positions for v and Hnd a hamil-
ton path between u and v in G for each case.
If v= x, since N (x)∩D = ∅ and there exists a hamilton path from y to t in the
graph G[V (G2)∪{y}] for any t ∈D, we can Hnd a hamilton path P[y; x] from y to
x in the graph G[V (G2)∪{y; x}]. Clearly, there exists a u − y hamilton path P[u; y]
in the graph G[V (G1)∪{u; y}]. Combining the paths P[u; y] and P[y; x], we Hnd a
hamilton path from u to v in G.
If v=y, in the same way as done above, we Hnd a hamilton path P[x; y] from x to
y in the graph G[V (G2)∪{x; y}]. Clearly, there exists a u− x hamilton path P[u; x] in
G[V (G1)∪{u; x}]. Combining the paths P[u; x] and P[x; y], we Hnd a hamilton path
from u to v in G.
If v∈V (G1), we Hrst assume that ux∈E(G). From the assumption, we Hnd a hamil-
ton path P[u; y] from u to y in the graph G[V (G2)∪{u; x; y}]. Clearly, there exists
a y − v hamilton path P[y; v] in the graph G[V (G1)∪{y}]. Combining the paths
P[u; y] and P[y; v], we Hnd a hamilton path from u and v in G. If ux =∈E(G), since
N (u)∩D = ∅ and there exists a hamilton path from y to t in the graph G[V (G2)∪{y}]
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for any t∈D, we Hnd a hamilton path P[u; y] from u to y in the graph G[V (G2)∪
{u; y}]. It is also clear that there exists a y − v hamilton path P[y; v] in the graph
G[V (G1)∪{y}]. Combining the paths P[u; y] and P[y; v], we Hnd a hamilton path
P[u; v] from u to v in G − {x}. Using Lemma 4, we can insert the vertex x into the
path P[u; v] to form a hamilton path between u and v in G.
If v∈D, when ux∈E(G), we can Hnd a path P[u; y] from u to y in the graph
G[V (G1)∪{u; x; y}]. From the assumption, there exists a path P[y; v] from y to v in
the graph G[V (G2)∪{y}]. Combining the paths P[u; y] and P[y; v], we Hnd a hamilton
path from u to v in G. When ux =∈E(G), we Hrst Hnd a u − y hamilton path P[u; y]
in the graph G[V (G1)∪{u; y}]. Again by assumption, there exists a hamilton path
P[y; v] from y to v in the graph G[V (G2)∪{y}]. Combining the paths P[u; y] and
P[y; v], we Hnd a hamilton path P[u; v] from u to v in G − {x}. Using Lemma 4,
we insert the vertex x into the path P[u; v] to form a hamilton path between u and v
in G.
The proof of Lemma 7 implies the following fact.
Fact 1. Let t be a vertex in V (G2). If there exists a hamilton path from y to t in
the graph G[V (G2)∪{y}], then there exists a hamilton path from u to t in G.
For the remainder of the proof, which consists of two subcases, the reader is expected
to recall the structure of G. In particular, from this point on V (G)= S1 ∪{u; x; y}∪T1 ∪
T2 ∪T3, where G[S1] and G[T1] are complete and T2 and T3 are described in Obser-
vations 1–5.
Subcase 2.1: T3 = ∅.
If |T3|¿2 or T 02 = ∅, by Observations 1–5, it can be veriHed that for each vertex
t ∈V (G2) there exists a hamilton path from y to t in the graph G[V (G2)∪{y}].
Thus Lemma 7 implies that there exists a hamilton path between u and v in G, a
contradiction.
Next we assume that |T3|=1 and T 02 = ∅. Let w be the single vertex in T3. We
see that N (x)∩ (T1 ∪T2) = ∅ since N (x)∩V (G2) = ∅ and N (x)∩T3 = ∅ implies that
N (x)∩T2 = ∅, otherwise G[x1; x2; x; w] would be isomorphic to a claw. Similarly, N (u)
∩ (T1 ∪T2) = ∅. Recalling the structure of V (G2) given in Observations 1–5, we have
for each t ∈V (G2) − {w} that there exists a hamilton path from y to t in the graph
G[V (G2)∪{y}].
When v =w, choose D=T1 ∪T2 in Lemma 7. Then there exists a hamilton path
between u and v in G. When v=w, suppose N (T1−{y1; y2})∩T2 = ∅. Then it can be
veriHed that there exists a hamilton path from y to w in the graph G[V (G2)∪{y}]. By
Fact 1, there exists a hamilton path between u and v in G, a contradiction. Therefore,
we have N (T1−{y1; y2})∩T2 = ∅. Suppose N (x)∩T2 = ∅. Then we can Hnd a hamil-
ton path P[x; w] from x to w in the graph G[V (G2)∪{x; y}]. Clearly, there exists a
hamilton path P[u; x] from u to x in the graph G[V (G1)∪{u; x}]. Combining the paths
P[u; x] and P[x; w], we Hnd a hamilton path from u to v in G, again a contradiction.
Therefore, we have N (x)∩T2 = ∅. Moreover, N (x)∩T3 = ∅, otherwise G[x1; x2; x; w]
would be isomorphic to a claw. Thus N (x)∩T ⊆T1.
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Next we will prove that N (u)∩T2 = ∅. Suppose N (u)∩T2 = ∅ and without loss of
generality we assume that N (u)∩ (T2(y1)∪T 22 ) = ∅. Clearly, N (x)∩T1 = ∅. We fur-
ther notice that N (x)∩ (T1 − {y2}) = ∅, otherwise G[x; y1; y2; x2] would be isomor-
phic to a claw. Thus we can Hnd a hamilton path P[u; x] from u to x in the graph
G[T2(y1)∪T 22 ∪{u; y1; t; x}], where t ∈T1 ∩N (x) such that t =y2. (Notice that t=y1
when N (x)∩T1 = {y1; y2}). Also we can Hnd a hamilton path P[x; w] from x to w in
the graph G[V (G1)∪ (T1 − {y1; t})∪T2(y2)∪{x; y; w}]. Combining the paths P[u; x]
and P[x; w], we Hnd a hamilton path from u to v in G, a contradiction. Moreover,
we have N (u)∩T3 = ∅, otherwise G[x1; x2; u; w] would be isomorphic to a claw. Thus
N (u)∩T ⊆T1. Hence, {y1; y2} is a 2-vertex cut set of G, a contradiction.
Subcase 2.2: T3 = ∅.
Suppose that T 02 = ∅. From the deHnition of T 02 , there exists a vertex r ∈T1−{y1; y2}
and a vertex w∈T 02 such that rw∈E(G). Since G[r; w; x1; x2] is not isomorphic to a
claw, rx1 ∈E(G) or rx2 ∈E(G). But then it can be veriHed for each vertex t in V (G2)
that there exists a hamilton path from y to t in the graph G[V (G2)∪{y}]. By Lemma 7,
there exists a hamilton path from u to v in G, a contradiction. Hence, T 02 = ∅.
Suppose |T 22 |¿2. Then it can also be veriHed that for each vertex t in V (G2) there
exists a hamilton path from y to t in the graph G[V (G2)∪{y}]. Thus again Lemma 7
implies that there exists a hamilton path from u to v in G, a contradiction. Therefore
we have |T 22 |61.
Suppose |T 22 |=1 and let w be the single vertex in T 22 . We note that N (x)∩ (V (G2)−
{w}) = ∅ since N (x)∩V (G2) = ∅ and N (x)∩T 22 = ∅ implies that xx1 ∈E(G) or xx2 ∈
E(G), otherwise G[x; x1; x2; w] would be isomorphic to a claw. Similarly, N (u)∩ (V (G2)
−{w}) = ∅. It can easily be veriHed that for each vertex t ∈V (G2)−{w} there exists a
hamilton path from y to t in the graph G[V (G2)∪{y}]. Choose D=V (G2)− {w} in
Lemma 7. Then there exists a hamilton path between u and v if v =w. When v=w, we
still have that N (x)∩ (V (G2)−{w}) = ∅. Suppose N (x)∩ (T2−{w}) = ∅. Then we can
Hnd a hamilton path P[x; w] from x to w in the graph G[V (G2)∪{x; y}]. Clearly, there
exists a hamilton path P[u; x] from u to x in the graph G[V (G1)∪{u; x}]. Combining
the paths P[u; x] and P[x; w], we Hnd a hamilton path from u to v in G, a contradic-
tion. Therefore we have N (x)∩ (T2 − {w})= ∅. Furthermore, we have N (x)∩T2 = ∅,
otherwise G[x1; x2; x; w] would be isomorphic to a claw. Thus N (x)∩T ⊆T1.
Next we will prove that N (u)∩ (T2 −{w})= ∅. Suppose N (u)∩ (T2 −{w}) = ∅ and
without loss of generality we assume that N (u)∩T2(y1) = ∅. Clearly, N (x)∩T1 = ∅.
We further notice that N (x)∩ (T1 −{y2}) = ∅, otherwise G[x; y1; y2; x2] would be iso-
morphic to a claw. Thus we can Hnd a hamilton path P[u; x] in the graph G[T2(y1)∪
{u; y1; t; x}], where t ∈N (x)∩T1 such that t =y2. (Notice that t=y1 when N (x)∩
T1 = {y1; y2}). Also we can Hnd a hamilton path P[x; w] from x to w in the graph
G[V (G1)∪ (T1 −{y; t})∪T2(y2)∪{x; y; w}]. Combining the paths P[u; x] and P[x; w],
we Hnd a hamilton path from u to v in G, a contradiction. Moreover, we have
N (u)∩T2 = ∅, otherwise G[x1; x2; u; w] would be isomorphic to a claw. Thus
N (u)∩T ⊆T1.
Since G − {y1; y2} is connected, there exist a vertex p∈T1 − {y1; y2} and a
vertex q∈T2 such that pq∈E(G). If q=w, then px1 ∈E(G) or px2 ∈E(G), oth-
erwise G[p;w; x1; x2] would be isomorphic to a claw. Thus we always have N (p)∩
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(T2 − {w}) = ∅. Therefore we can Hnd a hamilton path from y to w in the graph
G[V (G2)∪{y}]. By Fact 1, there exists a hamilton path between u and v in G. We
again reach a contradiction. Hence, T 22 = ∅.
For the subcase when T3 = ∅, we have shown that T2 =T2(y1)∪T2(y2). The re-
mainder of the proof will consist of two subsubcases depending on emptyness of
E(T2(y1); T2(y2)).
Subsubcase 2.2.1: E(T2(y1); T2(y2)) = ∅.
If there exists two edges p1q1; p2q2 ∈E(T2(y1); T2(y2)) such that p1; p2 ∈T2(y1),
q1; q2 ∈T2(y2) and p1 =p2, q1 = q2, then for any vertex t ∈V (G2) there exists a hamil-
ton path from y to t in the graph G[V (G2)∪{y}]. By Lemma 7, there exists a hamilton
path between u and v in G, a contradiction. Therefore we have |N (T2(y2))∩T2(y1)|=1
or |N (T2(y1))∩T2(y2)|=1.
Without loss of generality, we assume that |N (T2(y2))∩T2(y1)|=1 and let p be
the single vertex in that set. We Hrst assume that |E(T2(y1); T2(y2))|¿2. Then we
must have T2(y1)−{p} = ∅, otherwise for each vertex t ∈V (G2) there exists a hamil-
ton path from y to t in the graph G[V (G2)∪{y}], and Lemma 7 implies that there
exists a hamilton path between u and v. We observe that N (x)∩ (V (G2) − {p}) = ∅,
since N (x)∩V (G2) = ∅. In addition, if p∈N (x) then we must have N (x)∩ (V (G2)−
{p}) = ∅, otherwise G[p; q; x; y1] would be isomorphic to a claw, where q∈N (p)∩T2
(y2). Similarly, N (u)∩ (V (G2) − {p}) = ∅. We also notice that for each vertex t ∈
V (G2) − {p} there exists a hamilton path from y to t in the graph G[V (G2)∪{y}].
Hence, by Lemma 7, there exists a hamilton path between u and v in G when
v =p.
Now consider the case when v=p. We still have N (x)∩ (V (G2)− {p}) = ∅. Sup-
pose N (x)∩ (T2 − {p}) = ∅. Then we can Hnd a hamilton path P[x; p] in the graph
G[(V (G2)∪{x; y}]. Clearly, there exists a hamilton path P[u; x] from u to x in the
graph G[V (G1)∪{u; x}]. Combining the paths P[u; x] and P[x; p], we can Hnd a hamil-
ton path from u to v in G, a contradiction. Therefore we have N (x)∩ (T2 − {p})= ∅.
Next we will prove that N (u)∩ (T2−{p})= ∅. Suppose that N (u)∩ (T2−{p}) = ∅,
then N (u)∩ (T2(y1)−{p}) = ∅ or N (u)∩T2(y2) = ∅. Clearly, N (x)∩T1 = ∅, otherwise
we have p∈N (x) and G[x; y1; p; q] would be isomorphic to a claw, where q is a vertex
in T2(y2) such that pq∈E. We further notice that N (x)∩ (T1 − {yi}) = ∅, otherwise
G[x; y1; y2; xi] would be isomorphic to a claw, where i=1; 2. When N (u)∩ (T2(y1)−
{p}) = ∅, we can Hnd a hamilton path P[u; x] from u to x in the graph G[(T2(y1) −
{p})∪{u; y1; t; x}], where t ∈N (x)∩T1 such that t =y2. (Notice that t=y1 when
N (x)∩T1 = {y1; y2}). Also we can Hnd a hamilton path P[x; p] in the graph G[V (G1)∪
(T1 − {y1; t})∪T2(y2)∪{x; y; p}]. Combining the paths P[u; x] and P[x; p], we Hnd
a hamilton path from u to v in G, a contradiction. When N (u)∩T2(y2) = ∅, we
can Hnd a hamilton path P[u; x] from u to x in the graph G[T2(y2)∪{u; y2; t; x}],
where t ∈N (u)∩T1 such that t =y1. (Notice that t=y2 when N (x)∩T1 = {y1; y2}).
Also we can Hnd a hamilton path P[x; p] from x to p in the graph G[V (G1)∪
(T1 − {y2; t})∪T2(y1)∪{x; y}]. Combining the paths P[u; x] and P[x; p], we Hnd a
hamilton path from u to v in G, a contradiction. Therefore N (u)∩ (T2 − {p})= ∅.
Since G − {p; y1} is connected, there exist a vertex r ∈T1 − {y1; y2} and a vertex
w∈T2(y1)−{p} such that rw∈E(G). Thus we can Hnd a hamilton path P[y; p] from
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y to p in the graph G[V (G2)∪{y}]. By Fact 1, there exists a hamilton path between
u and v in G. Again a contradiction is obtained.
Finally consider the case when |E(T2(y1); T2(y2))|=1 and let pq be the single
edge in that set with p∈T2(y1), q∈T2(y2). If T2(y1)= {p} and T2(y2)= {q}, then
p= x1 and q= x2, implying x1x2 ∈E(G), a contradiction. If T2(y1)= {p} with p= x1
and T2(y2) = {q}, then for each vertex t ∈V (G2) − {q} there exists a hamilton path
from y to t in the graph G[V (G2)∪{y}]. Notice that N (x)∩ (V (G2) − {q}) = ∅ and
N (u)∩ (V (G2) − {q}) = ∅, otherwise since N (x)∩V (G2) = ∅ and N (u)∩V (G2) = ∅,
G[x; q; p; y2] and G[u; q; p; y2], respectively, would be isomorphic to a claw. Choose
D=V (G2) − {q} in Lemma 7, then there exists a hamilton path from u to v in G
when v = q. When v= q, we claim that E(T1−{y1; y2}; T2−{q})= ∅, otherwise suppose
E(T1−{y1; y2}; T2−{q}) = ∅. Then it can be veriHed that there exists a hamilton path
from y to q in that graph G[V (G2)∪{y}]. By Fact 1, we Hnd a hamilton path from
u to v in G, a contradiction. Therefore, E(T1 − {y1; y2}; T2 − {q})= ∅. Furthermore,
we claim that N (x)∩ (T2−{q})= ∅, otherwise we have p∈N (x) or N (x)∩ (T2(y2)−
{q}) = ∅. In both cases, we can Hnd a hamilton path P[x; q] from x to q in the graph
G[V (G2)∪{x; y}]. It is clear that there exists a hamilton path from P[u; x]. Combining
the paths P[u; x] and P[x; q], we Hnd a hamilton path from u to v in G, a contradic-
tion. Therefore, N (x)∩ (T2 − {q})= ∅. It is clear that p∈N (u) since G − {q; y1} is
connected. There must be a vertex, say t, in T2(y2) − {q} such that t ∈N (u), since
G − {q; y2} is connected. Therefore we arrive at the contradiction that G[u; p; t; s] is
isomorphic to a claw, where s is a vertex in V (G1). If T2(y1) = {p} and T2(y2)= {q}
with q= x2, the argument just given works. Therefore we have T2(y1)− {p} = ∅ and
T2(y2)− {q} = ∅.
We claim that E(T2(y2)−{q}; T1−{y1; y2})= ∅, otherwise for each vertex t ∈V (G2)
there exists a hamilton path from y to t in the graph G[V (G2)∪{y}]. Lemma 7 implies
that there is a hamilton path from u to v in G. For the same reason, E(T2(y1)− {p};
T1 − {y1; y2})= ∅.
Notice that N (x)∩ (V (G2) − {p; q}) = ∅, otherwise since G − {p; y1} and G −
{q; y2} are connected, there exists a vertex p′ ∈T2(y1) and a vertex q′ ∈T2(y2) such
that up′ ∈E(G) and uq′ ∈E(G). Then G[u; p′; q′; s] is isomorphic to a claw, where
s is a vertex in V (G1), a contradiction. Similarly, we have N (u)∩ (V (G2) − {p; q})
= ∅. It is clear that for each vertex t ∈V (G2) − {p; q} there exists a hamilton path
from y to t in the graph G[V (G2)∪{y}]. Choose D=V (G2) − {p; q} in Lemma 7.
Then there exists a hamilton path between u and v in G when v =p andk v = q.
Next we consider the case when v=p or v= q. Suppose N (x)∩ (T2(y1) −
{p}) = ∅. Then we can Hnd a hamilton path P[x; p] from x to p and a hamilton
path P[x; q] from x to q in the graph G[V (G2)∪{x; y}]. Combining a u − x hamil-
ton path in the graph G[V (G1)∪{u; x}] and the path P[x; p] or the path P[x; q], we
Hnd a hamilton path from u to v in G, a contradiction. Therefore, we have N (x)
∩ (T2(y1) − {p})= ∅. Symmetrically, we have N (x)∩ (T2(y2) − {q})= ∅. Therefore,
N (x)∩ (T2−{p; q})= ∅. Since G−{p; y1} and G−{q; y2} are connected, there exist a
vertex p1 ∈T2(y1)−{p} and a vertex q1 ∈T2(y2)−{q} such that up1 ∈E(G) and up2 ∈
E(G). Thus G[u; p1; q1; s] is isomorphic to a claw, where s is a vertex in
V (G1), a contradiction.
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Subsubcase 2.2.2: E(T2(y1); T2(y2))= ∅.
We Hrst claim that at least one of the sets E(T2(y1); T1− {y1; y2}), E(T2(y2);
T1− {y1; y2}) is nonempty, otherwise since G − {x; y1} and G − {x; y2} are con-
nected, there exist a vertex p∈T2(y1) and a vertex q∈T2(y2) such that up∈E(G)
and uq∈E(G). Thus G[u; p; q; s] is isomorphic to a claw, where s is a vertex in
V (G1), a contradiction.
Now we assume that E(T2(y1); T1−{y1; y2}) = ∅ and E(T2(y2); T1−{y1; y2}) = ∅.
Then there exist vertices p, p1, q, q1 such that pp1 ∈E(G), qq1 ∈E(G), where
p∈T2(y1), q∈T2(y2), and p1, q1 ∈T1 − {y1; y2}. Clearly, p1 = q1, otherwise
G[y; p; q; p1] would be isomorphic to a claw. Then it can easily be veriHed that
for each vertex t ∈V (G2) there exists a hamilton path from y to t in the graph
G[V (G2)∪{y}]. By Lemma 7, there exists a hamilton path between u and v in G, a
contradiction.
Next we consider the case when E(T2(y1); T1−{y1; y2}) = ∅, E(T2(y2); T1−{y1; y2})
= ∅, or E(T2(y1); T1−{y1; y2})= ∅, E(T2(y2); T1−{y1; y2}) = ∅. It su4ces to consider
the Hrst of these two possibilities. Since G − {y2; x} and G − {y2; u} are connected,
we have N (u)∩T2(y2) = ∅ and N (x)∩T2(y2) = ∅, respectively.
We will consider all possible positions for v and Hnd in each case a hamilton path
between u and v in G, reaching a contradiction.
If v= x, since E(T2(y1); T1 − {y1; y2}) = ∅ and N (x)∩T2(y2) = ∅, we can Hnd a
hamilton path P[y; x] from y to x in the graph G[V (G2)∪{x; y}]. Combining a u− y
hamilton path in the graph G[V (G1)∪{u; y}] and the path P[y; x], we Hnd a hamilton
path from u to v in G.
If v=y, we can combine a u− x hamilton path in the graph G[V (G1)∪{u; x}] and
an x − y hamilton path in the graph G[V (G2)∪{x; y}] to form a hamilton path from
u to v in G.
If v∈V (G1), when ux∈E(G), we can Hnd a hamilton path P[u; y] from u to y in the
graph G[V (G2)∪{u; x; y}]. Clearly, there exists a hamilton path P[y; v] from y to v in
the graph G[V (G1)∪{y}]. Combining the paths P[u; y] and P[y; v], we Hnd a hamilton
path from u to v in G. When ux =∈E(G), notice that E(T2(y1); T1 − {y1; y2}) = ∅ and
N (u)∩T2(y2) = ∅, so that we can Hnd a hamilton path P[u; y] from u to y in the graph
G[V (G2)∪{u; y}]. Combining the path P[u; y] and a y− v hamilton path in the graph
G[V (G1)∪{y}], we Hnd a hamilton path from u to v in G−{x}. Applying Lemma 4
gives a hamilton path between u and v in G.
If v∈T1 or v∈T2(y1), we observe that whenever |T2(y2)|¿2, the two sets N (u)∩T2
(y2) and N (x)∩T2(y2) cannot be a common single vertex, say w, in T2(y2), otherwise
G−{w; y2} would be disconnected, contradicting the assumption that G is 3-connected.
Without loss of generality, we assume that there exists a vertex u′ ∈N (u)∩T2(y2) and a
vertex x′ ∈N (x)∩T2(y2) such that u′ = x′ when |T2(y2)|¿2. Thus whether |T2(y2)|¿2
or not we can Hnd a hamilton path P[u; x] from u to x in the graph G[T2(y2)∪{u; x}].
Clearly, there exists an x−y hamilton path P[x; y] in the graph G[V (G1)∪{x; y}] and
a y − v hamilton path P[y; v] in the graph G[T1 ∪T2(y1)∪{y}]. Combining the paths
P[u; x], P[x; y] and P[y; v], we Hnd a hamilton path from u to v in G.
If v∈T2(y2), then there exists a hamilton path from y to v in the graph G[V (G2)∪
{y}]. By Fact 1, there exists a hamilton path between u and v in G.
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